Irregularity strength of the toroidal grid  by Togni, Olivier
DISCRETE 
MATHEMATICS 
ELSEYIER Discrete Mathematics 165/l 66 (1997) 609420 
Irregularity strength of the toroidal grid 
Olivier Togni 
Universite de Bordeaux I, Labri. URA CNRS 1304, 351 cows de lu LibPration, 33405 Talence, Frunw 
Abstract 
The irregularity strength of G is the smallest possible value of k for which we can assign 
positive integers not greater then k to the edges of G, in such a way that the sums at each 
vertex are distinct numbers. We prove that the irregularity strength of the toroidal grid C,,, x C, 
is [(mn + 3)/4j. 
1. Introduction 
Let G = (V, E) be a simple graph with no component isomorphic to KI and 
at most one isolated vertex. A function w : E(G) + Z+ is called an assignment 
(or a weighting) on G and for an edge e of E(G), w(e) is called the weight of 
e. s(w) = max{w(e) : e E E(G)} is the strength of w. The weighted degree of 
a vertex x E V(G) is the sum of the weights of its incident edges. We say that 
an assignment is irregular if distinct vertices have distinct weights. The irregularity 
strength s(G) of G is defined as s(G) = min{s(w) : w is an irregular assignment 
on G}. 
The study of s(G) was proposed in [l]. Results concerning this problem are surveyed 
in [4]. In [2], the irregularity strength of the m x n grid has been determined for some 
values of m and n. In this article we study the irregularity strength of the toroidal grid. 
The main result is : 
Theorem 1. Let G be the toroidal grid C,,, x C,, m, n 3 3. Then 
s(G) = [(mn + 3)/4]. 
Let T,,,n = C,,, x C,, be the toroidal grid m x n. T,,,n is a 4-regular graph of order 
mn and so, by a counting argument (see [l]), we have s(T,,,) 2 [(mn + 3)/41. 
To prove the equality, we divide the proof into two parts, depending on the parity 
of mn. 
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2. Proof in the case mn is even 
s(T,,,) = s(T,,,), so we suppose m is even (m = 2~). 
The idea of the proof is to construct a minimal irregular assignment on T2p,n using 
an induction method. 
The following lemma proves the existence of an irregular weighting of T2P,3 which 
possesses the special properties which allow to start the induction. 
Let W2p,3) = {xi, yi, zi : 1 d i d 2p) be the vertex set and E(Tzp,3) = {x;y;, 
Yizi,Zixi~XiXi+l 9 Yi_Yi+l ~ZiZi+l : 1 d i < 2p) the edge set of TxP,3. Let C,, C, and C, 
be the cycles induced, respectively, by {Xi: 1 6 i < 2p}, {y;: 1 < i < 2p}, and {z; : 
1 d i d 2~). 
Lemma 2. Let G = TzP,3, p 2 2. G has an assignment v such that 
(1) Ye E E(G), v(e) < s = [(6p + 3)/4]. 
(2) Vl 6 i d 2p, 
i 
V(X;Z;) = 1, 
V(y;Z;) = S. 
(3) 3j E {1,...,2p}, such that ifex = (~jxj+l), eY = (yjyj+l) and e, = (Zizj+l), then 
0 v(ex)=2, 
0 v(eY) = s, 
?? v(ez) = 13~/2j. 
(4) Ve E C,, v(e) 2 p + 1. 
(5) 3M : perfect matching of C, for which b’e E M, v(e) > [p/2]. 
(6) Degrees are distinct and vary Vl < i < 2p. 
?? If p = 2k, 
- d(x;) E {4,...,4k+3}, 
- d(y;)E {8k+4,...,12k+3}, 
- d(z;) E (4k + 4,. . . ,8k + 3). 
?? Zf p=2k+l, 
- d(x;) E (4,. . . ,4k + 4) U (4k + 6}, 
- d(y;) E (8k + 8,. . . , 12k + S} U { 12k + IO}, 
- d(z;) E (4k + 5) U (4k + 7,. . . ,8k + 7). 
Proof. We proceed by induction on p. At each step, we construct an assignment on 
T2*+4,3 from an assignment on TzP, 3. So we need irregular assignment on T2,3 for 
p = 2 and p = 3 to start the induction. These are shown in Fig.1. 
Assume v is an assignment on G which verifies Lemma 2. 
We define a weighting function v’ on G’ = TzP+4,3 as follows: 
dl. First we modify the assignment v on G 
(a) Vl d i d 2p, u’(y;z;) = v(y;z;) + 3. 
(b) Let MY be the perfect matching of the cycle C, which includes the edge eY 
‘ve E MY, u’(e) = u(e) -t 3, and Ve E C, \ My, v’(e) = v(e) + 2. 
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Fig. 1. Irregular assignments on T4.3 and T6.3. 
(c) Let M, be the perfect matching of the cycle C, which includes the edge eZ 
Qe E IV,, u’(e) = u(e) + 1. 
(d) All other weights are still unchanged. 
Subdivide e, into five edges ei, e,‘, e:, e,“, e: (the same for eY and e,, with ef and 
e,k). Then add necessary edges in order to obtain the graph G’. Let x:, 1 d j < 4 
be the common endpoint of the edges d and 4”. 
(the same for y: and zJ). We set 
0 v’(ei) = v’(e,5) = v’(ex), 
0 v’(eb) = u’(ez,) = v’(eY), 
0 c’(ej) = 2;‘(e,5) = v’(ez). 
Fig. 2 describes weights of the added edges. 
1s easy to show that v’ satisfies the conditions of the lemma (details can be found 
in [S]). So the lemma is true. 0 
To start the proof of Theorem 1, we need a result of Faudree et al. [3]. 
Proposition 3 (Faudree et al. [3]). The irregularity strength of the cycle of length I 
C, is 
s(co = 
It/21 for t s 1 mod4, 
[t/21 + 1 otherwise. 
In the proof, the authors display minimal irregular weightings of C,. These are shown 
in Fig. 3. 
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Fig. 2. Weights of the added edges 
p = 2k p = 2kil 
valuation u , 
p = 2k+l 
valuation u2 
Fig. 3. Irregular assignment on Cz, 
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2.1. Proqf oj’ Theorem I: The irregulurity strength of’ TQ,, 
We are now able to prove that s(T l,,“) = [(2pn + 3)/4j. The proof is by induction. 
with the following hypothesis. G = T2,,,,, admits an assignment w for which 
(1) V’e E E(G), w(e) d s(G) = [(2pn + 3)/41. 
(2) Remember G = C’lp x C,,. Let C, denote the cycle of length 2p which contains 
the vertex of maximal degree in G, and let V(C,) = {x1, 1 < i d 2~). 
In a same way, let C, be the cycle of length 2p neighboring C, for which the vertex 
of maximal degree has a degree greater than the degree of any vertex x E V(G)\b’( C,). 
We denote by fll the vertex of Cp neighboring the vertex a,. We suppose w(x,flI) = 
s(G). 
(3) (a) Ve E C,, w(e) 3 p-t 1. 
(b) If y1 = 3, then there exists a perfect matching A4 of C/j such that Vc E M: 
w(e) > [p/2]. For n > 4, V’e E Cg: w(e) 3 Lp/2] + 1. 
(4) Degrees are distinct and Vx E V(G): 
0 d(x) E {4,5,. .,2pn + 3) if pn is even, 
?? do {4,5,...,2pn+2}U{2pnt-4) otherwise. 
We see that an assignment of TQQ verifying Lemma 2 also verifies this hypothesis. 
Let sr = s(G) = [(2pn+3)/41 and s2 =I [(2p(n + 1)t 3)/41, so 
(1) 
Moreover, if n = 3, then s2 - st = ip/2]. 
Construction of G’ = TQ~+~: We subdivide each edge Q/I!, 1 < i 6 2p, of G into 
two edges c,y, and yipi. We add the edges y;yr+r, 1 < i < 2p, in order to obtain the 
cycle C;,. This defines G’ given G. 
We define a weighting function w’ on G’ as follows : 
dl Vl d i < 2p, 
. w’(a,y;) = s2, 
?? w’(fl,y,) = s2 - 1. 
d2 
d3 
Let M, be a perfect matching of C, and Mp be the perfect matching of C/i 
satisfying hypothesis 3(b) if n = 3, else Mg is any of the two perfect matchings 
of C/j. We set 
0 Ve E M,, w’(e) = w(e) - (SZ ~ SI), 
0 Ve E n/r,, w’(e) = w(e) - (s2 - sr - 1). 
All the other weights are still unchanged in G’. 
d4. Now, we just have to assign weights to the edges of the cycle C, in order to 
obtain an (almost) consecutive degree sequence for the vertices of G’. 
Cuse p = 2k: We have s2 = [$(4k(n + 1) + 3)) = k(n + 1) + 1. Proposition 3 
insures that there exists an irregular weighting 2: on C7, with a single edge of weight 
2k + 1 (see Fig. 3). Let M be the perfect matching on CY including this edge. 
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Then 
w’(e) = u(e) + k(n - l), Ve E M, 
w’(e) = v(e) + k(n - 1) + 1, Ve E C,\M 
Case p = 2k + 1: We consider two cases depending on the parity of n. 
?? If n=21, s2 = [;(2(2k+ 1)(21+ 1)+3)1 =(2k+ l)l+k+2. 
p(n + 1) is odd, so, to obtain a sequence with even sum, we want d,f(yi) E (2pn + 
4,...,2p(n+1)+2}U{2p(n+1)+4}, Vl <i<2p. 
Let vl be the assignment on the cycle C, described in Fig. 3 and let A4 be a perfect 
matching of C,: 
- w’(e) = ur(e) + (2k + l)(Z - 1) + k + 1, Ve E A4, 
- w’(e) = vi(e) + (2k -t l)(Z - 1) + k, ‘de E C,\M. 
This gives the desired degree sequence for the vertices of yi. 
?? If n = 21+ 1, s2 = [+(2(2k + 1)(2Z + 2) + 3)1 = (2k + l)(Z + 1) + 1. 
pn is odd, hence d(x) E {4,..., 2pn + 2) u (2pn + 4}, ‘dx E V(G). So we want 
that d,l(yi) E (2pn + 3) U (2pn + 5,. . . , 2p(n + 1) + 3}, Vl d i < 2p to obtain a 
sequence of consecutive integers with even sum. Let a:! be the assignment on the 
cycle C, shown in Fig. 3. Set w’(e) = u2(e) + l(2k + l), Ye E C,. 
So we find the desired degree sequence for the vertices of yi. 
It is easy to see that induction hypotheses are verified for w’. This completes the proof 
of Theorem 1, for even mn. 0 
3. Proof in the case mn is odd 
In the following, 112 and n are supposed to be odd numbers. 
Lemma 4. Let n be an odd number, n 2 3, and let D = (a,b,b+l,...,b+n_3,c) be 
a sequence of n elements with even sum and with b = a+1 and b+n-2 9 c < b+n- 1 
orb=a+2andc=b+n-2. 
Zf a 2 2 and n = 1 mod 4 or a 2 3 and n = 3 mod 4, then there exists an 
assignment v on the cycle C,, of length n for which D is the degree sequence of the 
vertices of C,, and [a/2] - 1 < u(e) 6 [c/2], Ve E E(C,). 
Proof. If a = 2 or 3 (or a = 4 and n = 4k f 3), D must be one of the sequences 
shown in Fig. 4, or else, D has an odd number of elements and an even sum, so, 
clearly, D can be obtained from one of the sequences Do = (ao, bo,. . . , CO) of Fig. 4, 
by adding t/2 to each weight, where t = a - a0 is even. 0 
Lemma 5. Let Rz,,, = C,,, x K2 be the prism of the cycle of odd length m. Then there 
exists an assignment v on Rz,,, such that 
(1) Ve E E(R2,), u(e) d s = [(3m + 3)/41. 
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D,=(4,5 ,.,.I 4k+.5,4k+71 
Fig. 4. Some irregular weighting of the cycle C, 
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(2) Let C, and C, be the two cycles of length m in Rzm; and for a vertex xi of C,, 
let yi be his neighbor in C,. There exists i E { 1,2,. . , m} such that if eX = xixi+l, 
ey = yiyi+l, then 
0 v(eX) =s, 
?? v(ey) = [m/8] + 1. 
(3) Qe E E(G), 
v(e) B 
i 
(4) Degrees of the 
?? QY E v(C,), 
. Qx E V(G), 
ifm = 5, 
otherwise. 
vertices are distinct and vary.’ 
d(y) E {3,. . . , m + 2}, 
?? d(x)~{lOk+4 ,..., 18k+3,18k+S}, ifm=8k+l, 
?? d(x) E {lOk+7,...,18k+9}, if m= 8k+3, 
?? d(x)~{l0k+8,10k+10,...,18k+12,18k+14}, if m=8k+5, 
?? d(x)~{10k+11,10k+13,...,18k+18}, if m=8k+7. 
Proof. We construct such a weighting by induction. Starting with a weighting for Rx,,,, 
we will make a new weighting v’ for Rz(m+s). For m = 3,5,7,9, the lemma iS true 
(see Fig. 5). Suppose v is a weighting which verifies the lemma for G = Rzm, m 3 1 I. 
Let m’ = m + 8 and G’ = RZ(m+s) = Rzm,. We define a weighting function v’ on G’ as 
follows : 
dl. Qe E C,, v’(e) = v(e) + 5. 
d2. Subdivide e, and eY into 9 edges {ei, 1 d i < 9}: 
?? v’(e~)=v’(e~)=v(ex)+5=s+5, 
?? v’(eQ) = v’(ek) = v(eY) = [m/8J + 1. 
We denote by xi (resp. y!), 1 < i < 8, the common endpoint of e: and ei+’ (resp. 
eb and e:‘). Fig. 6 displays weights of the added edges. 
d3 All the other weights are still the same in G’. 
One can easily show that v’ satisfies the conditions of the lemma (see [5] for details). 
0 
With this lemma, we are now able to define an irregular assignment on T,,,J, for 
odd m, which will be used to prove Theorem 1 in the case mn is odd. 
Lemma 6. There exists an assignment w on Tm,3. such that: 
(1) 
(2) 
Qe E E(T,,s), w(e) < s = [(3m + 3)/41. 
Let C, be the cycle of length m which includes the vertex with the greatest 
degree, let C, be the cycle which includes the vertex with the smallest degree 
and let C, the third cycle of T,,,J. We denote by {xi, 1 < i < m} the vertex 
set of C,, Ql < i < m, let yi (resp. Zi) be the neighbor of Xi in C, (resp. C,). 
Ql di<m, W(XiZl)=S. 




































































Fig. 6. Weights of the added edges. 
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(3) ye E E(C,), 
ifm = 5, 
otherwise. 
(4) Degrees are distinct and Yx E V( T,,,3),. 
?? d(x) E (4,. . . ,3m + 3}, if (3m + 7)/2 is even, 
?? d(x) E (4,. . ,3m + 2,3m + 4) otherwise. 
Proof. Let v be an assignment on Rz,,, which satisfies Lemma 5 and let G = T,,,3. We 
identify the vertices xi and yi of G with those of Rzm. 
We define an assignment w on G as follows: 
dl. Ye E E(Rz,), w(e) = v(e). 
d2. Vl < i < m, w(yizi) = 1. 
d3. Vl < i < m, w(xizi) = s. 
d4. We will show that for each value of the residue of m modulo 8, there exists a 
weighting vo for the cycle C, with values not greater than s. In each case, we will 
find a sequence with even sum, which can be the degree sequence of the vertices 
of C,, according to Lemma 4. 
?? m = 8k + 1, s = 6k + 2, take D = (2k + 2,. . . , 10k + 2). Hence, we obtain Vz E 
V(C,), d,(z) E (8k + 5,.. ., 16k + 5). 
?? m = 8k+3, s = 6k+3, take D = (2k+3,...,10k+5). vz E V(C,), d,,,(z) E 
(8k + 7,. . . ,16k + 9). 
?? m = 8k+5, s = 6kt5, take D = (2k+3,..., lOk+6,10k+8). Vz E V(C,), d,(z) E 
{8k+9 ,..., 16k+ 12,16k+ 14). 
?? m = Sk+7, s = 6kS6, take D = (2k+4 ,..., lOk+9, lOk+ll). M E V(C,), d,(z) E 
{8k+ ll,..., 16k + 16,16k + 18). 
Conditions of the lemma are satisfied. 0 
3.1. Proof of Theorem I: The irr. strength of T,,,, for odd mn 
We are now able to prove that s(T,,,) = [(mn + 3)/41 for odd mn. 
We proceed by induction, with the following hypotheses. 
There is a weighting v on G, such that: 
1. Ve E E(G), v(e) <s(G) = [(mn + 3)/41. 
2. Let C, be the cycle of length m which contains the vertex of maximal degree in G; 
and let V(C,) = {(Xi, 1 d i < 2~). In a same way, let Cp be the cycle of length 
2p neighboring C, for which the vertex of maximal degree has a degree greater 
than the degree of any vertex x E V(G)\V(C,). We denote by j3i the vertex of Cp 
neighboring the vertex C(i. We suppose V(aipi) = s(G). 
3. ve E E(C,), 
v(e) 2 
ifm = 5, 
otherwise. 
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4. Degrees are distinct and vary: Vx E V(G); 
?? d(x) E {4,.. .,mn + 3; if (mn + 7)/2 even, 
?? d(x) E (4,. , mn + 2, mn + 4) otherwise. 
Note that an assignment which verifies Lemma 6, also verifies the induction hypothe- 
ses. So we suppose the hypotheses are true for some n b 4. We construct G’ = T,.n+2, 
starting with G as follows. Vl < i < m, we subdivide the edge EiPl into three edges 
~,a,, sib,, hip,. We add the edges Uia,+l and bib,,,. Let C, (resp. Cb) be the cycle 
induced by {ui, 1 < i < m} (resp. {bi, 1 6 i d m} ). The graph G’ we obtain is iso- 
.I. Hence, s2 - s 1 < [m/2 morphic to T,,,n+2. Let si = s(G) and s2 = F(m(n+2)+3)/4 
We define a weighting function c’ on G’ as follows: 
bi<m: 
c’(a,h,) = sz, 










d i < m, 
. 
If n F 3 mod 4, then s2-SI is even so we set E’(cQx~+~) = u(aiai+i)-(s2-si)/2. 
If m E 1 mod 4 and n s 1 mod 4, then s2 - .sl is odd so we set U’(CliX,+I ) = 
u(ziz,+l ) - (S2 - Sl - 1)/2. 
Otherwise (m s 3 mod 4 and n E 1 mod 4), both s2 - s1 and (mn + 7)/2 are 
odd, so Vs E V(G), d,(s) E (4,. . . ,mn + 2, mn + 4). Let z,j be the vertex for 
which d,(~,) = mn+4 and let e = (z,aj+l) and f = (oL~_Ix~) be the two edges 
incident with Xj (for j E Z,). Let Mt be the perfect matching of C, - e which 
include the edge f. Let A4 = MI U(e) and, Ye E M, u’(e) = v(e)-(sz-si - 1)/2, 
and ‘de E C,\M, u’(e) = u(e) - (~2 -- si - 1)/2 + 1. 
d3 All the other weights are still the same in G’. 
d4 We will show that there exist assignments on C, and Cb which continue the se- 
quence of degree of G to obtain a sequence of (almost) consecutive integers. Ac- 
cording to Lemma 4, we only have to find sequences with even sum. (In each case, 
these assignments can be shown to have strength less than ~2.) Let D, be the degree 
sequence for the vertices of C, and Db the degree sequence for the vertices of C,,. 
Cuse 1: m=4k+l andn=41+1; 
sl=4kl+k+I+l ands2=4kl+3k+I+2=sl+2k+l, 
D, = (8/U+ 2k + 21-t 3,. ,8kl+ 6k- + 21+ 2,8kl+ 6k + 21+ 4), 
D/, = (8kl + 21 + 2,. . . ,8kl + 4k + 21 + 2). 
Case 2: m = 4k + 1 and n = 41-t 3; 
s1 = 4kl+ 3k + 1 + 2 and s2 = 4klf 5k + 1 + 2 = SI + 2k, 
D,=(8k1+6k+21+4,...,8k1+10k+21+4), 
Db=(8kl+4k+21+2,8kl+4k+21+4,...,8kl+8k+21+3). 
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Case 3: m =4k+3 and n =4Z+ 1; 
SI =4kZ+k+31+2 and st =4kZ+3k+31+3 =q +2k+ 1, 
D,=(8kZ+2k+6Z+3,8kZ+2k+61+5...,8kZ+6k+6Z+6), 
Db = (8kZ + 61 + 2,. . . , 8kZ+4k+61+3,8kZ+4k+61+5). 
Case 4: m = 4k + 3 and n = 41+ 3; 
SI =4kZ+3k+31+3 ands2=4kZ+5k+31+5=sl +2k+2, 
D,=(8kZ+6k+61+6,...,8kZ+ lOk+61+7,8kZ+ lOk+61+9), 
Db=(8kZ+4k+6Z+5,...,8kZ+8k+6Z+7). 
We can prove easily that induction hypotheses are verified for G’. This ends the 
proof of Theorem 1. 0 
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